A method is presented for the automatic synthesis of minimum drag hull shapes for axisymmetric vehicles of specified enclosed volume and constant speed submerged in incompressible, nonseparating, noncavitating flow at zero incidence. The computer-oriented optimization procedure does not consider propulsion or maneuvering; drag reduction is accomplished solely through manipulation of the vehicle hull shape. The selected optimization formulation is a nongradient algorithm in a finite, constrained parameter space. This study considers an eight-parameter class of rounded-nose tailboom bodies constrained to be well behaved as determined by previous hydrodynamic experience. The drag model, for nonseparating flows at zero incidence, is based on classical hydrodynamics and consists of computer programs from work available in the literature; the model is representative of state-of-the-art drag prediction methods. By exploiting laminar flow while avoiding turbulent separation, a body with a drag coefficient one-third below the best existing laminar design has been obtained. The evidence suggests that the method produces realistic hull shapes useful in engineering design. The optimization procedure is independent of any particular drag model so that the effects on minimum drag shapes due to alternate drag models can be studied. 
I. Introduction
A FUNDAMENTAL interest in the field of hydrodynamics is the reduction of submerged vehicle power requirements. This is accomplished, in general, by some combination of 1) vehicle hull shaping, 2) boundary-layer control; e.g., polymer injection 1 or slot suction, 3) efficient propulsion; e.g., a wake propeller or a suction slot with a stern jet, 2 and 4) efficient steering control consistent with hydrodynamic stability.
Items 1 and 2 attempt to reduce skin friction and pressure drag while item 3 attempts to extract energy lost to the fluid surrounding the vehicle. A complete systems design simultaneously takes into account hull shaping, boundary-layer control, propulsion, and steering control. 2 But the overwhelmingly complicated nature of the complete problem has prohibited the analytical systems design approach. Hydrodynamicists are forced to rely heavily on experimentally based methods to reduce submerged vehicle power requirements.
The present study formalizes a portion of the complete systems problem. Herein is developed a computer-oriented optimization procedure for synthesizing vehicle hull shapes producing minimum drag for a specified vehicle volume and a constant vehicle speed in incompressible, nonseparating, noncavitating flow at zero incidence. Since propulsion is not considered, drag rather than power is minimized. The results should guide the hydrodynamic designer in selecting a vehicle shape to be combined with the mechanisms for boundary layer control, propulsion, and steering. Typical applications are those deeply submerged vehicles, such as torpedoes and submarines, which carry a payload in an enclosed volume at a nominally fixed design speed.
The hydrodynamic problem considered here is made more tractable by restricting the analysis to the class of axisymmetric vehicle shapes without appendages immersed in nonseparating, axisymmetric flow (zero incidence). Nondimensionalizing the problem, the most convenient Reynolds number and drag coefficient definitions are, respectively, Rv = U^'*/v and C D = D/(l/2 pt/c^V 2 / 3 ), where U m is the constant vehicle speed, V is the vehicle's enclosed volume, v is the fluid kinematic viscosity, D is the vehicle drag, and p is the fluid density.
The application of formal optimization methods to the drag minimization problem considered here has not appeared in the literature to date. One reason for this absence is the fact that no reliable drag model is available for arbitrary axisymmetric bodies in incompressible flow which may or may not be separating. More fundamentally, there is an incomplete understanding of the fluid flow physics in the boundary-layer transition region, in the turbulent boundary-layer development, in the turbulent boundary-layer separation region, and in the wake region following separation. All of these phenomena are of primary importance in drag prediction. In addition, there are other factors which complicate the prediction of drag in practice. 3 Examples are the effects of ambient turbulence, body surface waviness, and body vibration on the boundary-layer development. With the lack of reliable drag models, all published work to date directed toward the design of low-drag axisymmetric bodies in incompressible flow has been mainly experimental in nature. Two studies are noted here.
An experimental study of drag for a systematic series of axisymmetric bodies was reported by Gertler in I960. 4 The series, known as "Series 58," is systematic in that five parameters characterizing the rounded-nose, pointedtail shapes are perturbed one at a time about a selected "parent model." Twenty-four designs were tested by towing models through water at Reynolds numbers up to Rv = 5 X 10 6 (7 ft 3 at 18 knots). Not considered in the study were bodies designed to reduce drag by exploiting laminar flow. It was believed that such flow could not be used effectively at the submarine Reynolds numbers (Rv ^ 3 X 10 8 ) to which the designs were to be extrapolated. The study concludes that the resistance of submerged streamlined bodies can be reduced by proper geometrical shaping, and presents a minimum resistance submarine hull shape for all turbulent flow.
A laminar flow shape for torpedo-type Reynolds numbers (Rv ^ 10 7 ) was developed by North American Aviation, Inc., and was reported by Carmichael in 1966. 3 The purpose of the study was to determine if significant drag reduction was possible through shape manipulation alone. A formal shape-synthesizing procedure was not developed; rather, one body was designed based on NACA low drag airfoil shapes. The one model, dubbed the "Dolphin," was tested extensively by gravity-powered drop tests in the Pacific Ocean. A significant drag reduction was noted, the Dolphin having half the drag of a conventional torpedo at similar Reynolds numbers. The low drag was achieved primarily by the Dolphin's ability to maintain a long run of laminar boundary layer. This fact in itself is important since prior to the Dolphin testing it was generally accepted that no significant amount of laminar boundary layer flow could be maintained at such high Reynolds numbers. While the Dolphin is not a minimum drag shape, it certainly demonstrates the practicality of exploiting laminar boundary layers and body shaping in general to produce efficient low-drag designs, at least in the tested Reynolds number range.
This paper proposes and tests a drag minimization procedure for synthesizing low-drag hull shapes useful to the hydrodynamic designer. The problem divides naturally into three parts: the optimization formulation, the mathematical description of the vehicle hull shapes, and the drag model. The method is demonstrated by comparing a design with the best experimentally verified design available in the literature. It is emphasized that the method is independent of the drag model so that the effect of alternate drag models on minimum drag shapes can be studied.
II. Parametric Formulation of the Optimization Problem
Once the reference Reynolds number Rv is fixed for the zero incidence, nonseparating flow, the value of the drag coefficient CD depends only on the shape Y(X) of the axisymmetric body; i.e.,
C D =C D [Y(X)] (I)
where X is the axial coordinate.
The fact that the drag computation is done by a com- 
plex computer algorithm meant that an analytical optimization procedure such as Calculus of Variations would have to have strong positive benefits to justify its being used. After careful study it was decided that a parametric treatment provided the best balance of all the considerations .
As such, the general function Y(X) is assumed to satisfy
where Ft(X) are a sequence of polynomials, G(x) is chosen to satisfy boundary conditions, and at are parameters to be determined. For a parameterically defined body the drag coefficient depends on the number N, the nature of the functions Ft(X), and the multiplicative constants at, i = 1, . . . ,N. This may be expressed as
Once N and the Ft(X) y i = 1, . .. ,N, are fixed, it is possible to obtain minimum drag shapes for the restricted class defined by Eq. (2) by manipulating the set of constants at, i= 1, . ..,#, inEq. (3). The formulation implied in Eqs. (2) and (3) requires solution by a parametric optimization method, whether using classical or other methods. By assuming the solution form to within a set of variable parameters, i.e., Eq. (2), the optimization results lose a degree of generality that the classical variational calculus solution retains. However, the parametric formulation has been adopted as the most feasible procedure for the drag minimization problem, particularly since the variational calculus approach appears to require an external iterative method to obtain an explicit solution. It is felt that the loss of generality of the parametric approach is not significant so long as the number of parameters at, i = 1, . . . ,N, is not unreasonably small.
III. Mathematical Description of the Vehicle Hull Shape
In order to make a direct comparison between the present method and the best low-drag vehicle design available in the literature, 3 an eight-parameter class of roundednose, tailboom bodies has been developed. The procedures used to derive the analytic expression for Y(X), i.e., Eq. (2), are essentially those reported by Granville in 1969. 5 The idea is to divide the body into sections, each described by a low degree polynomial. The complete body profile is continuous through the second derivative to avoid local regions of highly accelerated flow. The result of the lengthy analysis 6 is a class of rounded-nose, tailboom bodies completely described by a set of eight variable parameters.
An example of this class with its built-in boundary conditions is shown in Fig. 1 . The forebody (0 < X < X m ) is described by a fourth-degree polynomial, the midbody (X m < X < Xi) by a fifth-degree polynomial, and the tailboom aftbody (Xi < X < L) by a fifth-degree polynomial. The zero slope and curvature at X = L allows a cylindrical tailboom extension to be added without loss of profile continuity through the second derivative. The body profile, open at X = L, is essentially a truncation of the complete body. For this body class, the short tailboom length seems to be an adequate approximation to the full tailboom for the purpose of computing the drag coefficient Co since the computed CD approaches a constant value nearX = L(seeSec.VI).
The nine parameters shown in Fig. 1 are reduced to the eight nondimensional, nonnegative parameters r n , fr, x m , ki, Xi, n, Si, and t. The analytical expressions for this dimensionless eight-parameter body class are given below: For 0 < X < X m (forebody):
ForX m < X < Xt (midbody):
For Xi < X < L (tailboom aftbody):
where x=(L -
A number of limiting type constraints, explicit in the dimensionless parameters, are placed on the eight-parameter class of rounded-nose, tailboom bodies. The constraints arise from physical limits as well as previous hydrodynamic experience. The role of the constraints is significant; they prevent the optimization strategy from finding low drag designs which are unrealistic or impractical in an engineering sense. These geometric constraints are summarized below: 1) 0 < r n 2) 0 < fei 3) 0 <x m <JQ <1 4) 2.5 < fry a somewhat arbitrary bound to help avoid separated flow on the body 5) 0 < t < n < 1 6) 0 < Si 7) No inflection on forebody (0 < X < X m ); this requirement produces a nonlinear constraint boundary in r nki space 5 ' 6 (see Fig. 2 ). 8) No inflection on midbody (X m < X < Xi) except at Xf, this requirement produces a nonlinear constraint boundary is st -k^m space 6 (see Fig. 2 ). 9) No inflection on tailboom aftbody (Xi < X < L) except at Xi and L; this requirement produces linear constraint boundaries in s(i a ) -(t/n) space 6 (see Fig.  2 ).
The inflection constraints (7-9) due to Granville, 5 are introduced primarily to maintain a smooth vehicle shape with a well-behaved stream wise pressure distribution.
An advantage of Granville's procedure of dividing the body into sections is now apparent; the two-dimensional constraints give geometric insight into the problem. The constrained body class is well behaved in that the body profiles are hydrodynamically smooth, i.e., continuous through the second derivative and without unwanted inflections. Other constraints are introduced by the numerical drag model discussed in Sec. IV.
IV. Numerical Drag Model
The complicated physics involved in drag prediction can be divided into five parts: mainstream inviscid flow, laminar boundary layer flow, boundary layer transition, turbulent boundary layer flow, and turbulent boundarylayer separation. Methods for predicting mainstream inviscid flow and laminar boundary layers are well established. But there is less confidence in methods for predicting transition, turbulent boundary layers, and separation due to an incomplete understanding of the fundamental nature of the physics involved. Even so, reasonably good methods relying on some empirical correlations have appeared in the literature. We have used the method due to Smith, Cebeci, and their co-workers 7 -11 ; however, early in the project it was decided to develop the optimization strategy independent of any particular drag model so that future improvements in drag prediction methods could be incorporated into the minimization program if desired.
Following Cebeci, 7 the flow field and basic notation are shown in Fig. 3 . The mainstream flow outside the boundary layer is accurately modeled by inviscid potential flow theory. The boundary layer is laminar from the leading edge to the transition point A and is assumed fully turbulent from point A to the trailing edge. Turbulent separation is not allowed; this requirement is a constraint on the optimization problem since the drag model is not valid for separated boundary layer flow. Turbulent boundary-layer separation is assumed to occur when the computed skin friction becomes negative causing the iterative solution to diverge. In addition, to help avoid separating flow, we have constrained the velocity ratio u e (x)/U a>not to exceed 1.2invalueforO<X < L.
The mainstream inviscid velocity distribution along the body surface is computed using the Douglas-Neumann method 8 ' 9 ; viscous displacement effects on the inviscid streamlines are not considered. The computed inviscid flow is assumed to be a reasonable approximation to the real mainstream flow so long as turbulent boundary-layer separation does not occur.
Using the standard no-slip and no-mass-transfer boundary conditions, the incompressible axisymmetric boundary-layer equations are solved iteratively using the implicit finite-difference program "E7ET"; transverse curvature effects important for axisymmetric bodies with thick boundary layers are retained but streamwise curvature effects are neglected.
10 A two-layer, implicit eddy viscosity model is used in the turbulent boundary-layer computations. contains an unspecified "arbitrary" constant. The drag coefficient is computed using Young's formula 13 given as
where Co is the drag coefficient, p is the fluid density, U m is the reference velocity, V is the body volume, r 0 is the body radius, 6 is the momentum thickness, u e is the velocity at the edge of the boundary layer, H = 5*/6 is the shape factor, and 6* is the displacement thickness. The subscript T.E. denotes quantities at the trailing edge of the body. Since r 0 , 6, u e , and H vary along the body, the drag coefficient may be treated as Co(X). Such a treatment is not implied in Young's derivation, but the monotonic behavior of Co(X) is of interest (see Sec. VI). The validity of the drag model described here is believed to be limited to nonseparating, tail-boom bodies. A discussion of the drag model is given in Ref. 7 . Experimental drag data are compared with numerical predictions for the Dolphin 3 in Sec. VI.
V. Optimization Strategy-A Modification of Box's Complex Method
From the optimization point of view, the design problem is
Minimize PF = C D (a^. . .,a Subject to g t (a i9 . . .,a N ) < 0 (6) where the performance function PF is the nonlinear nonanalytic drag coefficient CD, the at, i = 1, . . . ,JV, are the independent parameters to be varied, and gi, I = 1,... ,NG, are the nonlinear, inequality constraints which may or may not be analytic in the parameters. No analyt-AXIAL COORDINATE, X ic gradients dCo/dat, i = 1, . . . ,N, are available; hence, a nongradient (direct) search method is used since it is believed that nongradient methods are more efficient with "nongradient problems" than finite-differencing used with gradient methods.
= 1,.. .,NG = N
14 For this project we have employed a constrained direct search method rather than one of the unconstrained methods
"
18 used with a penalty function. 14 ' 19 An early method for inequality constrained problems is due to Rosenbrock. 20 In this study, the straightforward Box-Guin Complex Method 21 ' 22 with a modified starting procedure is used. Powell's Method 16 with a penalty function has been used as well as the search strategy described here.
Shown in Fig. 4 is a flow chart of the search strategy. No initial guess is needed. The procedure starts by randomly generating K vertices (body shapes) in the constrained N-dimensional space. That is, vertex; has N randomly generated components Normally a portion of the rectangular volume is outside the feasible region defined by the explicit and implicit constraints (geometric and hydrodynamic); when a randomly generated vertex falls outside the feasible region, it is simply thrown out and regenerated. This starting procedure is a modification of Box's Complex Method which calls for an unfeasible vertex to be retracted halfway to the centroid of the partially completed complex figure. The modification was necessary to obtain a well dispersed initial set of K vertices in a nonrectangular feasible search space.
Once the initial complex is formed, the search proceeds by generating the trial vertex at by a, = cgr + a (cgr -a r ) (8) where N-component at is the new trial vertex, cgr is the geometric centroid of the complex figure without the rejected vertex ar, and the scalar a is the expansion factor. We have used a = 1.3 as recommended by Box on empirical grounds. 21 The remaining strategy is summarized in Fig. 4 .
Several features of the modified Complex Method make it especially suited to the drag minimization problem. The primary feature is that the method can cope with rather general inequality constraints which are analytic or nonanalytic in the parameters. The method can be programed independently of design constraints and the performance model. The modified starting procedure allows the method to start with randomly and globally distributed information (body shapes) so that it has some chance of finding a global optimum in the feasible region, although there is no guarantee that such is found. The complex figure's ability to "roll" along boundaries helps to prevent premature convergence on a boundary. Since the method uses large-scale features of the function surface, it is not sensitive to local irregularities and small errors which might confuse local gradient methods. The primary deficiency in the method described here is that the stopping condition, while precisely defined, has proved economically costly to satisfy; the method lacks quadratic convergence. Usually the search is aborted after a large number, e.g., 3AT to 47V, of CD evaluations do not improve the best value. The best vertex is assumed to be a reasonable approximation to the local optimum. The "looseness" of the stopping procedure is normally acceptable for design problems. Small (five percent) parameter perturbations near the reported best design can be used to reveal sensitivity characteristics and to test whether the design is a local optimum.
The role of design constraints is significant for this problem as well as for engineering design in general. The constraints, when properly used, prevent unrealistic optimal solutions. Optimal solutions are no better than the models used in the optimization; those solutions resting on constraint boundaries are no better than the assumptions behind the constraints. The optimization strategy used here is independent of both model and constraints so that the effect on the minimum drag shapes due to changes in either the model or constraints can be studied.
The optimal design philosophy used in the present study views the optimization strategy and the drag model as independent, interacting "black boxes." For example, the search strategy does not know if the computed drag coefficient CD is the result of a numerical computation or a wind tunnel experiment. The black-box philosophy is useful for complicated problems which defy straightforward analytic understanding; at the present time the drag problem falls into this category.
VI. Results and Comparisons
In this section we compare a sample design, dubbed "X-35," produced by the present method with the Dolphin, an experimentally verified design with half the drag J.HYDRONAUTICS of a conventional torpedo. 3 The results are subdivided into hydrodynamic aspects and optimization aspects.
Hydrodynamic Aspects
The design Rv of 10 7 for body X-35 corresponds to the Dolphin volume of 5.6 cubic feet at 40 knots in water. Body X-35 with its inviscid velocity distribution and Co(X) are shown in Fig. 5 along with the Dolphin for comparison. The CD for body X-35 is about one-third lower than that of the Dolphin at Rv = 10 7 . Geometry and flow data at R v = 10 7 for body X-35 are given in Table 1 . The long run of near-zero velocity gradient suggests that the forebody is similar to a Reichardt section. The region of locally accelerated flow at X/L = 0.65, caused by continuous but rapidly changing curvature, suppresses transition until X/L = 0.7. The turbulent boundary layer survives the region of decelerated flow without separating and enters the terminal accelerated region in which the velocity u e asymptotically approaches the freestream value. The C D (X) computed by Young's formula, Eq. (5), increases monotonically to the trailing edge value of CD = 0.0051.
Transition predictions at R v = 10 7 for body X-35 and the Dolphin are shown in Fig. 6 with the Michel-e 9 curve. For body X-35, the laminar Re -RS trajectory never enters the indicated 10% band; transition is predicted by laminar separation and assumed turbulent reattachment. By contrast, the Dolphin laminar Re -RS trajectory monotonically approaches the curve and crosses it at about X/L = 0.5.
Predicted drag coefficients CD for body X-35 and the Dolphin, as well as experimental data for the Dolphin, 3 over a range of Reynolds number RV are shown in Fig. 7 experimental values of CD for the Dolphin indicates validity of the drag model at least over the test Rv range. The experimental and predicted CD values for the tripped laminar boundary layer are in very good agreement and establish that the Dolphin's low drag is due to extensive laminar flow. The fact that extensive laminar flow can exist in the ocean environment at these high Reynolds numbers is in itself significant. The predicted CD values for body X-35 are one-third lower than those for the Dolphin in this Rv range. The Dolphin's demonstration of laminar flow exploitation combined with the inferred (from Fig. 6 ) superior laminar stability of body X-35 suggests that body X-35 is a realistic improvement over the Dolphin body.
Optimization Aspects
For the sample run given here, the input values were N = 8,K= 16, e 2 = € 3 = 1%, Rv = 10 7 , and NN = 30. The search strategy found body X-35 at the 35th CD evaluation. However, the method was unable to generate a new favorable search direction and the search was terminated without formal convergence after 80 CD evaluations (80 minutes CPU time on CDC 6500 computer). Such performance suggests that the modified Box-Guin Complex Method is a good starting procedure that may be adequate for design purposes, but that another procedure should be used for formal convergence if it is required.
Perturbation studies on body X-35 at its design Rv -10 7 are shown in Fig. 8 . A plus and minus five percent perturbation is made on each dimensionless parameter while holding the other seven parameters at their design values given in Table 1 . The perturbations reveal that body X-35 is suboptimal, a consequence of stopping the search after 80 CD evaluations without formal convergence. The perturbations also reveal that CD is locally quite sensitive to the maximum diameter location x m and the inflection point slope St. CD is locally insensitive to the fineness ratio />, the nose radius r n , the maximum diameter curvature ki, and the dimensionless tail boom diameter t. The fact that there is a local maximum in the n direction indicates that the CD surface in the 8-dimensional parameter space is complicated in the neighborhood of body X-35.
VII. Conclusions and Recommendations
A method has been developed for designing minimum drag hull shapes of axisymmetric bodies of revolution. The method incorporates a parametric body description, a drag computation, hydrodynamic constraints, and an optimization scheme in the form of a computer program which produces realistic candidates for low-drag body shapes. The formulation has been designed so that im-proved drag models, different design constraints, or alternative shape characterizations may be utilized in the design of the minimum drag bodies. Experience with the method has generated the following specific conclusions and recommendations: 1) Low-drag axisymmetric body designs exploiting appreciable runs of laminar flow have resulted from the optimization technique and particular drag model described in this paper.
2) Comparison of the "Dolphin" 3 experimental body data and design and a minimum drag design at the same Reynolds number indicates that the optimization techniques generates realistic candidates for low drag body shapes with significantly less drag (% less drag for a 5.6 ft 3 body at 40 knots.) 3) Further work examining body shapes as a function of Reynolds' number indicates that the optimization technique provides an effective low drag body design mechanism for a wide range of parameters.
4) The optimization program has been designed to accept improved drag computations and different design or hydrodynamic constraints.
5) For nonseparating flow on axisymmetric bodies, the drag model used for this work agrees reasonably well with data at moderate Reynolds numbers (R^ ~ 10 7 ). 6) Development of more generally applicable drag models is needed. 7) Development of better drag models and experimental verification of the low-drag designs should be jointly undertaken. Particular attention should be given to the transition criterion from laminar to turbulent flow and the stability of any given long, laminar run. 8) Further work on the optimization scheme could result in more efficient convergence.
